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Integration of irrational functions

Integration of irrational functions
The following are some of the standard forms of irrational functions.

Type |

1
— dx
f\/ ax2+bx+c

Formulae used in this topic

[ 7= = sin 2 /) +C
f% = cosh™*(*/q) + C = log(x +Vx2 = a?) + C
f—% = sinh™1(*/g) + C = log(x +VaZ + x%) 4+ C

Example:

(i)Evaluate [ ———

[x2-x-2]

dx

Solution:

Consider, - [x? — x — 2] =x2_x+%_ %

e
=log(x—%)+ [x2—x—=2]+C

1

dx
V2x2—x+5

(ii)Evaluate |

Solution:
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-1 S NI Y v
—ﬁlog<(x 4)+\/7 2x? x+5)+C

TYPE 11

f px+q

v ax2+bx+c
Putpx + q = A;—x (ax? + bx + ¢) + B and then proceed.

Example:
(i)Evaluate [ Jﬁ dx
Solution:
Letx = A j—x(3—2x—x2)+B
= A(-2-2x)+B
x= —24x+ (—2A+ B)
Equating the coefficients of x and constant terms on both sides

1= —24= A= —landoz —2A4+B=>B=-1

_ x dx(S 2x—x2) = 1

. f\/3—2x—x f V3—2x—x2 dx fVS—Zx—xz dx
_ 1 \/ﬁ_ —

= - X2V3-2x—x fm dx

Now we complete square

3—2x—x2=4—-1—-2x=x*=4—(x+1)?

- \/ﬁ 1
f\/3 2x—x2 3 2x —x f\/3—2x—x2 dx
__W ey " SAM wavh
V3 —-2x—x fm dx
= —3—2x —x2— sin7! (ﬂ) dx
2
.. 2x—1
(ii)Evaluate f\/ﬁ dx
Solution:
5 2x—1
Given [ e

d
2x—1=A—((x?+5x+6)+8B
dx

2x —1=A02x+5)+B
Equating the coefficients of x we get
2 =24 =5A=1

Putx = 0 we get
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-1 =5A+B
—1=5+B= B= -6
2x—1 2x-5 -6
h f\/x2+5x+6 dx = f\/x2+5x+6 dx + f\/x2+5x+6 dx
=2VxZ+5x+6— 6 ————dx
[(+2) 6 -]
=2VxZ+5x+6— 6 [ ———dx
2 2
|(+3) ()]
=2vVx2+5x+6— 6log[(x+ §)+ \/x2+5x+6]+C
TYPE |11
fvax? + bx + cdx

Formulae used
2
JVa? +x2dx = EVaz + x?2 +a7log(x +Vaz+x%2)+C
2
= EVaz + x?2 +52—sinh‘1 (E) + C
2
[Vx2=a?dx = E\/xz —a?— a?log(x +VxZ—a?)+C

2
N E\/xz — a? —a?cosh‘1 (E) +C
2
[Va? —x2dx = E\/az e +a?sin‘1 G) +C

Example:
(i)Evaluate [ Vx2 + 2x + 5dx
Solution:

Consider [ Vx2 4+ 2x + 5dx = [+/(x+ 1)?+ 4 dx
= Va7 + 22 + 5+ -log((x + )+ VaZ + 2x +5) + C

(ii)Evaluate [V5 +4x — x% dx

Solution:
Consider 5+ 4x — x2 =9 — (x> —4x + 4)
=9— (x—2)?
Hence [V5+4x —x2 dx = [/9— (x —2)% dx
—2qin-1 (%22 X2\\/5 + 4x — x2
=2 sin (3)+(2) 54+4x—x%2+C
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Type IV
[(px+ q@)Vax? + bx + ¢ dx
Put px +q=Ad(ax?*+bx+c)+ B
=A [Vax?+ bx +c d (ax? + bx + ¢) + B [ Vax? + bx + ¢ dx and then

proceed.

Example:
(i)Evaluate [(3x —2)VxZ + x + 1 dx
Solution:

Given [(3x —2) Vx2+x + 1 dx
Put 3x —2=Adx*+x+1)+ B
3x—2=402x+1)+ B

Equating the coefficients of x we get

3= 24 =>A=§

Putx = 0 we get
-2 =A4A+B =-+B
8 -2l E=]
JBx—2)VxZ+x +1 dx
=§f\/md(x2+x+1)+ (;)f\/mdx

3
3?7 el
= 3, 2J[(x+2) o 4]dx

= (2 +x+1)°2— g\/[(x + %)2 + (?)2] dx

1 3
= (2 Hx+1)72 - %l%\/x2+x+1+%log(x+ %+\/x2+x+1)l +C

= (2 +x+ 1% - %[$\/x2+x+1+glog(x+ %+\/x2+x+1)]+C
TYPEV

dx

f (px+q)Vax?+bx+c
Putpx +q = % and then proceed
Example:
. dx
i)Evaluate | ————=d
( ) f (x—1)vVx2+2x-8 .
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Solution:

leenf(x 1)\/W dx

Putx—1=%;x=1+?;dx=_—1dt

=f1j[(1+12 = (:2) dt

=— ] . dt
(1Jtrzt) +2(t+1)

1
- fJ(1+t)2+ 2t (t+1)—-8t2 ae

— - dt
Vi+t2+2t+2t24+2t—8t2

Fi€ f\/1+4t—5t2 dt
1 1

1) R L)

_p2yt 01
t+5t+

Type VI

dx
f (ax2+b)\/cx2+d
Put x = % and then proceed.
Example:3.82
(i)Prove thatf

_ax  _ n/
1+x 2\/x2+2 6
Solution:

Given [

1+x2 x2+2

Putx =+, dx=— dt
t t
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f dx

1+x2VxZ+2 1) 1
(1+32) Jz+2

—tdt

- f(t2+1)\/1+2t
——du

_ f <u2+1)m udu

—tan~tu

= tan W1+ 2t2 = —tan ' [1+ %

1
1 dx _ _ -1 i
Jy Toveveem = l AN +sz

(=tan"'V3) — (—tan ')

T T T
L T
ii)Evaluate:
) Iato
Solution:
leenf \/_
Put x=- = dx= ——dt
f dx _f :21 dt
x2V 4+ x2 1 1
Z 4+ =z
_ —f tdt
V4ti+1
_ —lf 8t dt
- 8 7 Vatz + 1
__lfd(4t2+1)
8 Y Vatrz+1
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= —[2va ¥ 1]

Type VII

An expression involves only one irrational quantity of the form (ax + b)"/» or x'/n, then

put +b = t™, where n is the L.C.M of denominators of the various fractional powers.

Example:
. dx
i)Evaluate
0 I A+x) 2=1+x) /3
Solution:
Given | !

(14x) /2= (14%) /3
Since L.C.M of 2and 3 is 6.
Letl+x=t® = dx= 6t>dt

f dx L f 6tS dtzf 6t5 dt

(1+x) 2—(14%)'/3 t3—t2 t2(t-1)
6t3
b f(t_l) dt
e (t3—1+1)
N -1 =0t-D{t*+t+1)
Yy

=6 f{(t2+t+1)+i}dt
= 6[§+§+t+log(t—1)]
=21+ x)l/2 +3(1+x) 73 +6(1+x)7s+ 6log{((1 +x)'%6) - 1}

(ii)Evaluate f \/_ dx

Solution:
1 _ 1
| o &= I &
Since L.C.M of 2 and 3 is 6.

Letu® = x 6u’du = dx
_ 5
J e @ = [ 6w a® - b® = (a—b)(a? +ab + b?)
_ 1 5
= fuz(u—l) 6u°du
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_ 6f[(u 1)(u +u+1) +L] du

u—1
=6 [u?+u7+u]+6log(u—1)+C
=2ud+3u?+6u+6loglu—1)+C where u = x /e

= 2v/x + 33¥x + 68/x + 6log(3x — 1) + C
Type VI

f—(x e, (r)f b>a

Put x = acos?6 + bsin?6

=f(u2+u+1)du+6fﬁdu

Solution:
Let x = 2sin%8 + 5cos?0 dx = (4sin 0 cos@ — 10 cos 9 sinB)do
dx = (—6sin 0 cos )do
~5—x = 5(sin%8 + cos? ) — (2sin® @ + 5cos? 8) = 3sin? 0
and x — 2 = 2sin® 6 + 5c0s? 0 — 2 (sin® 8 + cos?0) = 3 cos?8

J i:;d fj__smg( 6 sin 6 cos B dB)
= —6 [ sin*>6.do
— _6f(1—c0529) do
- 3 [9_ smze]

= —360+ Esin 20

= —3sin~?! (\/?>+ 3sin6 cos 6
=—35in‘1<\/?>+ 3\/?\/7;2
= —3sin! (\/?>+ JGE—x)(x—2)
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.. dx
ii)Evaluate | —— > a
( ) f\/(x—a)(x—ﬁ) B
Solution:
. dx
Given | ———— > «a
fv(x—a)(x—ﬁ) '8

Put x = asin?0+ Bcos?0 =dx= (2asinfcosf — 2 cosfsinb)db
>dx=2(a— B)sinfcosO db
s~ x —a = (asin?6 + Pcos? 6) — a (sin? 6 + cos?0) = (B — a)cos? 6
and B — x = B(sin? 8.+ cos? 0) — (asin® @ + Pcos?0) = (B — a) sin?6
2 (a—p)sin6 cos do

f dx . f
V(x—a)(x=p) J(B= a)cos?6 (B —a)sin? 6
=2(a—

dae
'B)f\/(ﬁ—a)z
— _2ax-B
= —2e-B g
= 2 fds
= —26

-1 [)’—x
L—«a

=/ —2sin

Type IX

a+ bcosx a+ bsinx asinx + bcosx+C

Putt = tanx/2 = dt = %Seczx/z dx

_1 2X
—2[1+tan / ]dx
= %( + t2)dx
dx = —— dt
1+t
. 2t 1—t?
Sinx = —, €0SX = >
1+t 1+t
Example:
(i)Evaluate f Ty
Solution:
Consider [
5+3cosx
Putt = tan> sinx = —
2 1+t2
_+2
dt == (1 + t?)dx cosx = — tz
2 1+t
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dx = —>— dt

1+¢t2

p 2dt

x _ 2

f5+3cosx - <f 5+;Eﬂ)
J

T dx 1 (tan(*/,) -
fO 5+3cosx , [%(tan 1( 2 : )>L

Type X
Example:
T dx T
Prove that fO a?cos?x+b2sin?x _ ab
Solution:
5 dx
Con3|derf aZcos?x+b2sin?x
= fcoszx 2+b2tan x]
_f sec?xdx

a?+b2tan?x

put t = tanx = dt = sec?xdx

il dt
~ Y a2+p2t2
dt

= (ten (3))
= a—lb (tan‘1 (S tanx))

le' dx —9 f”/z dx

0 a2cos?x+b?sin?x a%cos?x+b?sin?x
/.
- btan x 2
= 2 (tans (*22))]
a 0
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2 |m T
= —|— — O] = —
ab L2 ab
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