
ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8151 ENGINEERING MATHEMATICS I 

Integration of irrational functions 

Integration of irrational functions 

         The following are some of the standard forms of irrational functions. 

Type  I 

                                  ∫
𝟏

√𝒂𝒙𝟐+𝒃𝒙+𝒄
 𝒅𝒙 

Formulae used in this topic 

             ∫
𝑑𝑥

√𝑎2−𝑥2
=  𝑠𝑖𝑛−1(𝑥

𝑎⁄ ) + 𝐶 

                         ∫
𝑑𝑥

√𝑥2−𝑎2
=  𝑐𝑜𝑠ℎ−1(𝑥

𝑎⁄ ) + 𝐶 = 𝑙𝑜𝑔(𝑥 + √𝑥2 − 𝑎2) + 𝐶 

                         ∫
𝑑𝑥

√𝑎2+𝑥2
=  𝑠𝑖𝑛ℎ−1(𝑥

𝑎⁄ ) + 𝐶 = 𝑙𝑜𝑔(𝑥 + √𝑎2 + 𝑥2) + 𝐶 

   

Example: 

 (i)Evaluate ∫
𝟏

√[𝒙𝟐−𝒙−𝟐]

 𝒅𝒙 

Solution: 

             Consider,    [𝑥2 − 𝑥 − 2] = 𝑥2 − 𝑥 +
1

4
−  

9

4
 

                                                = [(𝑥 −
1

2
)

2

−
9

4
]        = (𝑥 −

1

2
)

2

−  (
3

2
)

2

 

                       ∫
1

√[𝑥2−𝑥−2]
 𝑑𝑥 =  ∫

1

√(𝑥−
1

2
)

2
− (

3

2
)

2
 𝑑𝑥 

                                                = log (𝑥 −
1

2
) + √[𝑥2 − 𝑥 − 2] + 𝐶 

(ii)Evaluate ∫
𝟏

√𝟐𝒙𝟐−𝒙+𝟓
 𝒅𝒙 

Solution: 

            Consider,       2𝑥2 − 𝑥 + 5 = 2 [𝑥2 −
1

2
𝑥 + (

1

4
)

2

−  (
1

4
)

2

+
5

2
] 

                                                        = 2 [𝑥2 −
1

2
𝑥 + (

1

4
)

2

−  
1

16
+

5

2
] 

                                                       = 2 [(𝑥 −
1

4
)

2

+ (
√39

4
)

2

] 

                            ∫
1

√2𝑥2−𝑥+5
 𝑑𝑥 =  ∫

1

√2[(𝑥−
1

4
)

2
+(

√39

4
)

2

]

 𝑑𝑥 

                                                     =  
1

√2
∫

1

√[(𝑥−
1

4
)

2
+(

√39

4
)

2

]

 𝑑𝑥  



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA8151 ENGINEERING MATHEMATICS I 

                                                   =
1

√2
log ((𝑥 −

1

4
) +

1

√2
√2𝑥2 − 𝑥 + 5) + 𝐶 

TYPE II 

                                       ∫
𝒑𝒙+𝒒

√𝒂𝒙𝟐+𝒃𝒙+𝒄
 𝒅𝒙 

        Put 𝑝𝑥 + 𝑞 = 𝐴
𝑑

𝑑𝑥
(𝑎𝑥2 + 𝑏𝑥 + 𝑐) + 𝐵 and then proceed. 

Example: 

     (i)Evaluate ∫
𝒙

√𝟑−𝟐𝒙−𝒙𝟐
 𝒅𝒙  

Solution: 

                Let 𝑥 = 𝐴 
𝑑

𝑑𝑥
(3 − 2𝑥 − 𝑥2) + 𝐵 

                                                    = 𝐴(−2 − 2𝑥) + 𝐵 

                                                  𝑥 =  −2𝐴𝑥 + (−2𝐴 + 𝐵) 

Equating the coefficients of 𝑥 and constant terms on both sides 

                                     1 =  −2𝐴 ⇒ 𝐴 =  −
1

2
 𝑎𝑛𝑑 0 =  −2𝐴 + 𝐵 ⇒ 𝐵 =  −1 

                         =  ∫
𝑥

√3−2𝑥−𝑥2
 𝑑𝑥 =  

1

2
∫

𝑑

𝑑𝑥
(3−2𝑥−𝑥2)

√3−2𝑥−𝑥2
 𝑑𝑥 −  ∫

1

√3−2𝑥−𝑥2
 𝑑𝑥 

                         =  
1

2
 × 2√3 − 2𝑥 − 𝑥2 − ∫

1

√3−2𝑥−𝑥2
 𝑑𝑥 

Now we complete square 

                    3 − 2𝑥 − 𝑥2 = 4 − 1 − 2𝑥 − 𝑥2 = 4 − (𝑥 + 1)2 

                              =  ∫
𝑥

√3−2𝑥−𝑥2
 𝑑𝑥 =  − √3 − 2𝑥 − 𝑥2 −  ∫

1

√3−2𝑥−𝑥2
 𝑑𝑥 

                               =  − √3 − 2𝑥 − 𝑥2 −  ∫
1

√4−(𝑥+1)2
 𝑑𝑥 

                                =  − √3 − 2𝑥 − 𝑥2 −  𝑠𝑖𝑛−1 (
𝑥+1

2
)  𝑑𝑥 

(ii)Evaluate ∫
𝟐𝒙−𝟏

√𝒙𝟐+𝟓𝒙+𝟔
 𝒅𝒙 

Solution: 

                         Given   ∫
2𝑥−1

√𝑥2+5𝑥+6
 𝑑𝑥  

2𝑥 − 1 = 𝐴
𝑑

𝑑𝑥
(𝑥2 + 5𝑥 + 6) + 𝐵 

2𝑥 − 1 = 𝐴(2𝑥 + 5) + 𝐵 

Equating the coefficients of 𝑥 we get 

                                          2 =  2𝐴   ⇒ 𝐴 =  1 

Put 𝑥 =  0 we get 
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                                  −1 =  5𝐴 + 𝐵 

                                      − 1 = 5 + 𝐵 ⇒  𝐵 =  −6 

 ∴  ∫
2𝑥−1

√𝑥2+5𝑥+6
 𝑑𝑥 =  ∫

2𝑥−5

√𝑥2+5𝑥+6
 𝑑𝑥 +  ∫

−6

√𝑥2+5𝑥+6
 𝑑𝑥 

                                      = 2 √𝑥2 + 5𝑥 + 6 −  6 ∫
1

√[(𝑥+ 
5

2
)

2
+6 −

25

4
]

 𝑑𝑥 

                                        = 2 √𝑥2 + 5𝑥 + 6 −  6 ∫
1

√[(𝑥+ 
5

2
)

2
−(

1

2
)

2
]

 𝑑𝑥 

                                        = 2 √𝑥2 + 5𝑥 + 6 −  6 log [(𝑥 +  
5

2
) +  √𝑥2 + 5𝑥 + 6] + 𝐶 

TYPE III 

                                    ∫ √𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 𝒅𝒙 

Formulae used 

               ∫ √𝑎2 + 𝑥2 𝑑𝑥 =  
𝑥

2
√𝑎2 + 𝑥2 +

𝑎2

2
log(𝑥 + √𝑎2 + 𝑥2) + 𝐶 

                                        =  
𝑥

2
√𝑎2 + 𝑥2 +

𝑎2

2
𝑠𝑖𝑛ℎ−1 (

𝑥

𝑎
) + 𝐶 

              ∫ √𝑥2 − 𝑎2 𝑑𝑥 =  
𝑥

2
√𝑥2 − 𝑎2 −

𝑎2

2
log(𝑥 + √𝑥2 − 𝑎2) + 𝐶 

                                        =
𝑥

2
√𝑥2 − 𝑎2 −

𝑎2

2
𝑐𝑜𝑠ℎ−1 (

𝑥

𝑎
) + 𝐶 

               ∫ √𝑎2 − 𝑥2 𝑑𝑥 =  
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 (

𝑥

𝑎
) + 𝐶 

Example: 

       (i)Evaluate ∫ √𝒙𝟐 + 𝟐𝒙 + 𝟓 𝒅𝒙 

Solution: 

               Consider∫ √𝑥2 + 2𝑥 + 5 𝑑𝑥 =  ∫ √(𝑥 + 1)2 +  4  𝑑𝑥      

                                  =  
𝑥+1

2
√𝑥2 + 2𝑥 + 5 +

4

2
log((𝑥 + 1) + √𝑥2 + 2𝑥 + 5) + 𝐶 

(ii)Evaluate ∫ √𝟓 + 𝟒𝒙 − 𝒙𝟐  𝒅𝒙 

Solution: 

              Consider 5 + 4𝑥 −  𝑥2 = 9 − (𝑥2 − 4𝑥 + 4) 

                                                   = 9 − (𝑥 − 2)2 

Hence ∫ √5 + 4𝑥 − 𝑥2  𝑑𝑥 =  ∫ √9 −  (𝑥 − 2)2  𝑑𝑥 

                                =
9

2
𝑠𝑖𝑛−1 (

𝑥−2

3
) + (

𝑥−2

2
) √5 + 4𝑥 − 𝑥2 + 𝐶    
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Type IV 

                        ∫(𝒑𝒙 + 𝒒) √𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄  𝒅𝒙 

Put  𝑝𝑥 + 𝑞 = 𝐴 𝑑(𝑎𝑥2 + 𝑏𝑥 + 𝑐 ) +  𝐵 

           = 𝐴 ∫ √𝑎𝑥2 + 𝑏𝑥 + 𝑐  𝑑 (𝑎𝑥2 + 𝑏𝑥 + 𝑐) + 𝐵 ∫ √𝑎𝑥2 + 𝑏𝑥 + 𝑐  𝑑𝑥 and then 

proceed. 

Example: 

          (i)Evaluate ∫(𝟑𝒙 − 𝟐) √𝒙𝟐 + 𝒙 + 𝟏  𝒅𝒙 

Solution: 

              Given ∫(3𝑥 − 2) √𝑥2 + 𝑥 + 1  𝑑𝑥 

Put  3𝑥 − 2 = 𝐴 𝑑(𝑥2 + 𝑥 + 1 ) +  𝐵 

            3𝑥 − 2 = 𝐴 (2𝑥 + 1 ) +  𝐵 

Equating the coefficients of 𝑥 we get 

                              3 =  2𝐴     ⇒  𝐴 =  
3

2
 

Put 𝑥 =  0 we get 

                        −2 =  𝐴 + 𝐵 =
3

2
+ 𝐵 

                       𝐵 =  −2 −
3

2
=  

−7

2
 

     ∫(3𝑥 − 2) √𝑥2 + 𝑥 + 1  𝑑𝑥 

                                             =
3

2
∫ √𝑥2 + 𝑥 + 1 𝑑 (𝑥2 + 𝑥 + 1) +  (

−7

2
) ∫ √𝑥2 + 𝑥 + 1 𝑑𝑥 

                                            =
3

2

(𝑥2+𝑥+1)
3

2⁄

3
2⁄

−  
7

2
√[(𝑥 +  

1

2
)

2

+ 1 −
1

4
] 𝑑𝑥  

                                            =  (𝑥2 + 𝑥 + 1)
3

2⁄ −  
7

2
√[(𝑥 +  

1

2
)

2

+ (
√3

2
)

2

]  𝑑𝑥 

        =  (𝑥2 + 𝑥 + 1)
3

2⁄  −  
7

2
[

𝑥+ 
1

2

2
√𝑥2 + 𝑥 + 1 +

(
3

4
)

2
log (𝑥 +  

1

2
+ √𝑥2 + 𝑥 + 1)] + 𝐶 

        =  (𝑥2 + 𝑥 + 1)
3

2⁄  −  
7

2
[

2𝑥+1

4
√𝑥2 + 𝑥 + 1 +

3

8
log (𝑥 +  

1

2
+ √𝑥2 + 𝑥 + 1)] + 𝐶 

TYPE V 

                              ∫
𝒅𝒙

(𝒑𝒙+𝒒)√𝒂𝒙𝟐+𝒃𝒙+𝒄
 

       Put 𝑝𝑥 + 𝑞 =  
1

𝑡
 and then proceed 

Example: 

 (i)Evaluate ∫
𝒅𝒙

(𝒙−𝟏)√𝒙𝟐+𝟐𝒙−𝟖
 𝒅𝒙 
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Solution: 

                   Given ∫
𝑑𝑥

(𝑥−1)√𝑥2+2𝑥−8
 𝑑𝑥 

     Put 𝑥 − 1 =  
1

𝑡
 ; 𝑥 = 1 +  

1

𝑡
 ; 𝑑𝑥 =  

−1

𝑡2  𝑑𝑡 

                                        = ∫
1

1

𝑡
√[(1+ 

1

𝑡
)

2
+2 (1+ 

1

𝑡
)−8]

(
−1

𝑡2 )  𝑑𝑡 

                                       = − ∫
1

𝑡 √
(1+𝑡)2

𝑡2 +2
(𝑡+1)

𝑡
−8

 𝑑𝑡 

                                      =  − ∫
1

√(1+𝑡)2+ 2𝑡 (𝑡+1)−8𝑡2
 𝑑𝑡               

                                       = − ∫
1

√1+𝑡2+2𝑡+2𝑡2+2𝑡−8𝑡2
  𝑑𝑡      

                                       =  − ∫
1

√1+4𝑡−5𝑡2
 𝑑𝑡  

                                       = −
1

√5
∫

1

√−𝑡2+
4

5
𝑡+

1

5

𝑑𝑡 

                                      = −
1

√5
∫

1

√−𝑡2+
4

5
𝑡+(

2

5
)

2
−(

2

5
)

2
+

1

5

𝑑𝑡   

                              =  − 
1

√5
∫

1

√ 9

25
− (𝑡− 

2

5
)

2
 𝑑𝑡 

                               = − 
1

√5
𝑠𝑖𝑛−1 (

𝑡− 
2

5
3

5

) + 𝐶 

                                = − 
1

√5
𝑠𝑖𝑛−1 (

5𝑡− 2
3

5

) + 𝐶 

                                = − 
1

√5
𝑠𝑖𝑛−1 (

5

𝑥−1
− 2

3
) + 𝐶 

Type VI 

                  ∫
𝒅𝒙

(𝒂𝒙𝟐+𝒃)√𝒄𝒙𝟐+𝒅
 

           Put  𝑥 =  
1

𝑡
  and then proceed. 

Example:3.82 

        (i)Prove that ∫
𝒅𝒙

𝟏+𝒙𝟐√𝒙𝟐+𝟐

𝟏

𝟎
=  𝝅

𝟔⁄  

Solution: 

               Given ∫
𝑑𝑥

1+𝑥2√𝑥2+2
 

       Put 𝑥 =  
1

𝑡
,        𝑑𝑥 =

−1

𝑡2  𝑑𝑡 
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              ∫
𝑑𝑥

1+𝑥2√𝑥2+2
  =  ∫

(
−1

𝑡2 )𝑑𝑡

(1+
1

𝑡2)√
1

𝑡2+2
 

                                   = ∫
−𝑑𝑡

(𝑡2+1)√1+2𝑡2

𝑡2

   Put 𝑢2 = 1 + 2𝑡2 

                                   = ∫
−𝑡 𝑑𝑡

(𝑡2+1)√1+2𝑡2
                                                  2𝑢𝑑𝑢 = 4𝑡 𝑑𝑡           

                                   = ∫
− 

𝑢

2
 𝑑𝑢

(
𝑢2+1

2
)√1+𝑢2−1

𝑢𝑑𝑢                                          
𝑢

2
 𝑑𝑢 = 𝑡 𝑑𝑡       

                                   = ∫
− 

𝑢

2
 𝑑𝑢

(
𝑢2+1

2
)𝑢

   𝑢2 = 1 + 2𝑡2 

                                   = ∫
− 𝑑𝑢

𝑢2+1
                                                        𝑡2 =  

𝑢2− 1

2
 

                                   =  − ∫
 𝑑𝑢

𝑢2+1
                                                    1 + 𝑡2 = 1 +

𝑢2− 1

2
  

                                   =  − 𝑡𝑎𝑛−1𝑢                                                  =  
𝑢2+ 1

2
      

                               =  𝑡𝑎𝑛−1√1 + 2𝑡2 =  −𝑡𝑎𝑛−1√1 +
2

𝑥2 

            ∫
𝑑𝑥

1+𝑥2√𝑥2+2

1

0
=  [−𝑡𝑎𝑛−1√1 +

2

𝑥2
]

0

1

 

                                   =  (−𝑡𝑎𝑛−1√3) − (−𝑡𝑎𝑛−1∞) 

                                   = (−
𝜋

3
) +

𝜋

2
=

𝜋

6
 

(ii)Evaluate: ∫
𝒅𝒙

𝒙𝟐 √𝟒+ 𝒙𝟐 
 

Solution: 

              Given ∫
𝑑𝑥

𝑥2 √4+ 𝑥2 
 

     Put  𝑥 =  
1

𝑡
     ⇒   𝑑𝑥 =  − 

1

𝑡2  𝑑𝑡  

                         ∫
𝑑𝑥

𝑥2 √ 4 + 𝑥2 
=  ∫

−1

𝑡2   𝑑𝑡

1

𝑡2 √ 4 +  
1

𝑡2 
 

                                               =  − ∫
𝑡 𝑑𝑡 

√4 𝑡2+ 1
 

                                            =  − 
1

8
 ∫

8𝑡 𝑑𝑡

√4𝑡2 +  1
        

                                            = − 
1

8
 ∫

𝑑 ( 4𝑡2+ 1)

√ 4𝑡2+ 1
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                                                   =  − 
1

8
 [2 √4𝑡2 +  1 ]  

                                                    =  − 
1

4
 √

4

𝑥2 +  1 

                                                     = − 
√4  +  𝑥2 

4𝑥
 

Type VII 

       An expression involves only one irrational quantity of the form (𝑎𝑥 + 𝑏)
1

𝑛⁄  or 𝑥
1

𝑛⁄ , then  

put +𝑏 =  𝑡𝑛 , where n is the L.C.M of denominators of the various fractional powers. 

Example: 

         (i)Evaluate ∫
𝒅𝒙

(𝟏+𝒙)
𝟏

𝟐⁄ −(𝟏+𝒙)
𝟏

𝟑⁄
 

Solution: 

                Given  ∫
𝑑𝑥

(1+𝑥)
1

2⁄ −(1+𝑥)
1

3⁄
 

Since L.C.M of 2 and 3 is 6. 

                  Let 1 + 𝑥 =  𝑡6       ⇒   𝑑𝑥 =   6𝑡5 𝑑𝑡  

                             ∫
𝑑𝑥

(1+𝑥)
1

2⁄ −(1+𝑥)
1

3⁄
 =     ∫

6 𝑡5

𝑡3−𝑡2  dt= ∫
6 𝑡5

𝑡2(𝑡−1)
 dt 

                                                           = ∫
6 𝑡3

(𝑡−1)
 dt  

                                                                 = 6 ∫
(𝑡3−1+1)

𝑡−1
 𝑑𝑡 

                                                         = 6 ∫ [
𝑡3−1

𝑡−1
+

1

𝑡−1
]  𝑑𝑡 

                                                         = 6 ∫ {(𝑡2 + 𝑡 + 1) +
1

𝑡−1
} 𝑑𝑡 

                                                        = 6 [
𝑡3

3
+

𝑡2

2
+ 𝑡 + log(𝑡 − 1)] 

                = 2 (1 + 𝑥)
1

2⁄ + 3 (1 + 𝑥)
1

3⁄ + 6(1 + 𝑥)
1

6⁄ +  6 log {((1 + 𝑥)
1

6⁄ ) − 1}          

       (ii)Evaluate ∫
𝟏

√𝒙− √𝒙𝟑  𝒅𝒙 

Solution: 

                          ∫
1

√𝑥− √𝑥3  𝑑𝑥 = ∫
1

𝑥
1

2⁄ −𝑥
1

3⁄
 𝑑𝑥 

Since L.C.M of 2 and 3 is 6. 

                          Let 𝑢6 =  𝑥                  6𝑢5𝑑𝑢 = 𝑑𝑥 

                          ∫
1

𝑥
1

2⁄ −𝑥
1

3⁄
 𝑑𝑥  =  ∫

1

𝑢3−𝑢2   6𝑢5𝑑 

                                                = ∫
1

𝑢2(𝑢−1)
  6𝑢5𝑑𝑢    

𝑡3 − 13 = (𝑡 − 1)(𝑡2 + 𝑡 + 1) 

 

𝑎3 − 𝑏3 = (𝑎 − 𝑏)(𝑎2 + 𝑎𝑏 + 𝑏2) 
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                                                = ∫
6𝑢3

𝑢−1
 𝑑𝑢 

                                                = 6 ∫
𝑢3−1+1

𝑢−1
 𝑑𝑢 

                                                 = 6 ∫ [
(𝑢−1)(𝑢2+𝑢+1)

𝑢−1
+

1

𝑢−1
] 𝑑𝑢                                   

                                                 = 6 [
𝑢3

3
+

𝑢2

2
+ 𝑢] + 6 log(𝑢 − 1) + 𝐶 

                                                      = 2𝑢3 + 3𝑢2 + 6𝑢 + 6 log(𝑢 − 1) + 𝐶   where  𝑢 =  𝑥
1

6⁄  

                                                = 2√𝑥 + 3√𝑥3 + 6√𝑥6 + 6 log(√𝑥6 − 1) + 𝐶 

 Type VIII 

                       ∫
𝟏

√(𝒙−𝒂)(𝐱−𝐛)
  (or)∫ √

𝒙−𝒂

𝒃−𝒙
, 𝒃 > 𝑎 

Put 𝑥 = 𝑎𝑐𝑜𝑠2𝜃 + 𝑏𝑠𝑖𝑛2𝜃 

                                              = ∫(𝑢2 + 𝑢 + 1) 𝑑𝑢 + 6 ∫
1

𝑢−1
 𝑑𝑢   

Example: 

     (i)Evaluate ∫ √
𝟓 − 𝒙

𝒙 − 𝟐
 𝒅𝒙 

Solution:  

Let  𝑥 = 2𝑠𝑖𝑛2𝜃 + 5𝑐𝑜𝑠2𝜃         𝑑𝑥 = (4 sin 𝜃 cos 𝜃 − 10 cos 𝜃 sin 𝜃)𝑑𝜃 

                                                     𝑑𝑥 = (−6 sin 𝜃 cos 𝜃)𝑑𝜃 

     ∴ 5 − 𝑥 = 5(𝑠𝑖𝑛2𝜃 +  𝑐𝑜𝑠2 𝜃) −  (2𝑠𝑖𝑛2 𝜃 +  5𝑐𝑜𝑠2 𝜃)  = 3𝑠𝑖𝑛2 𝜃  

                𝑎𝑛𝑑 𝑥 − 2 = 2𝑠𝑖𝑛2 𝜃 + 5𝑐𝑜𝑠2 𝜃 − 2 (𝑠𝑖𝑛2 𝜃 +  𝑐𝑜𝑠2𝜃) = 3 𝑐𝑜𝑠2𝜃  

                    ∫ √
5  −  𝑥

𝑥 −  2
 𝑑𝑥 =  ∫

√3 sin 𝜃

√3 cos 𝜃
(− 6 sin 𝜃 cos 𝜃 𝑑𝜃) 

                                         =  −6 ∫ 𝑠𝑖𝑛2 𝜃 𝑑𝜃 

                                         =  −6 ∫ (
1 – cos2 𝜃

2
)  𝑑𝜃 

                                         =  −3 [𝜃 −  
sin 2𝜃

2
]     

                                         =  −3𝜃 +  
3

2
sin 2𝜃   

                                         =  −3 𝑠𝑖𝑛−1  (√
5 − 𝑥

3
) +  3 sin 𝜃 cos 𝜃 

                                        =  −3 𝑠𝑖𝑛−1  (√
5 − 𝑥

3
) +  3√

5 − 𝑥

3
 √

𝑥 − 2

3
   

                                         =  −3 𝑠𝑖𝑛−1  (√
5 − 𝑥

3
) +  √(5 − 𝑥)( 𝑥 − 2) 
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(ii)Evaluate ∫
𝒅𝒙

√( 𝒙− 𝜶 ) ( 𝒙− 𝜷 ) 
      𝜷 >  𝛼 

Solution: 

            Given ∫
𝑑𝑥

√( 𝑥− 𝛼 ) ( 𝑥− 𝛽 ) 
      𝛽 >  𝛼 

        Put  𝑥 =  𝛼 𝑠𝑖𝑛2 𝜃 +  𝛽 𝑐𝑜𝑠2 𝜃    ⇒ 𝑑𝑥 = (2 𝛼 sin 𝜃 cos 𝜃 − 2𝛽 cos 𝜃 sin 𝜃) 𝑑𝜃 

                                                              ⇒ 𝑑𝑥 = 2 ( 𝛼 −  𝛽 ) sin 𝜃 cos 𝜃  𝑑𝜃 

       ∴ 𝑥 − 𝛼 = (𝛼𝑠𝑖𝑛2𝜃 +  𝛽𝑐𝑜𝑠2 𝜃) − 𝛼 (𝑠𝑖𝑛2 𝜃 +  𝑐𝑜𝑠2 𝜃)  = ( 𝛽 −  𝛼)𝑐𝑜𝑠2 𝜃  

                𝑎𝑛𝑑 𝛽 − 𝑥 = 𝛽(𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃) −  (𝛼𝑠𝑖𝑛2 𝜃 +  𝛽𝑐𝑜𝑠2𝜃) = (𝛽 −  𝛼) 𝑠𝑖𝑛2𝜃 

              ∫
𝑑𝑥

√( 𝑥− 𝛼 ) ( 𝑥− 𝛽 ) 
    =   ∫

2  ( 𝛼 − 𝛽 ) sin 𝜃 cos 𝜃 𝑑𝜃

√ ( 𝛽 −  𝛼 ) cos2 𝜃 ( 𝛽 − 𝛼) 𝑠𝑖𝑛2 𝜃
 

                                              = 2 ( 𝛼 −  𝛽) ∫
𝑑𝜃

√(𝛽  −  𝛼 )2
 

                                              =  −
2(𝛼  –  𝛽)

𝛽  −  𝛼
 ∫ 𝑑𝜃 

                                              =  −2 ∫ 𝑑𝜃     

                                              =  −2𝜃       

                                               =  −2 𝑠𝑖𝑛−1√
𝛽 − 𝑥 

𝛽− 𝛼
 

Type IX 

                      ∫
𝒅𝒙

𝒂 + 𝒃 𝒄𝒐𝒔𝒙
 𝒐𝒓  ∫

𝒅𝒙

𝒂 + 𝒃 𝒔𝒊𝒏𝒙
    or ∫

𝒅𝒙

 𝒂 𝒔𝒊𝒏𝒙  + 𝒃 𝒄𝒐𝒔𝒙 + 𝑪
 

Put 𝑡 = 𝑡𝑎𝑛 𝑥
2⁄    ⇒  𝑑𝑡 =  

1

2
𝑠𝑒𝑐2 𝑥

2⁄ 𝑑𝑥 

                                 =
1

2
[1 + 𝑡𝑎𝑛2 𝑥

2⁄ ]𝑑𝑥 

                                 =
1

2
(1 + 𝑡2)𝑑𝑥 

                                𝑑𝑥 =
2

1+𝑡2  𝑑𝑡 

             𝑠𝑖𝑛𝑥 =  
2𝑡

1+𝑡2 ,   𝑐𝑜𝑠𝑥 =  
1−𝑡2

1+𝑡2 

Example: 

        (i)Evaluate ∫
𝒅𝒙

𝟓+𝟑𝒄𝒐𝒔𝒙

𝝅

𝟎
 

Solution: 

     Consider  ∫
𝑑𝑥

5+3𝑐𝑜𝑠𝑥
 

Put 𝑡 = 𝑡𝑎𝑛
𝑥

2
   𝑠𝑖𝑛𝑥 =  

2𝑡

1+𝑡2 

𝑑𝑡 =
1

2
(1 + 𝑡2)𝑑𝑥   𝑐𝑜𝑠𝑥 =  

1−𝑡2

1+𝑡2 
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  𝑑𝑥 =  
2

1+𝑡2  𝑑𝑡                            

                          ∫
𝑑𝑥

5+3𝑐𝑜𝑠𝑥
      = (∫

2𝑑𝑡

1+𝑡2

5+3(
1−𝑡2

1+𝑡2)
) 

                                              = ∫
2𝑑𝑡

8+2𝑡2 =  ∫
𝑑𝑡

4+𝑡2 

                                               =
1

2
(𝑡𝑎𝑛−1 (

𝑡

2
)) 

                                              =
1

2
(𝑡𝑎𝑛−1 (

𝑡𝑎𝑛(𝑥
2⁄ )

2
)) 

                         ∫
𝒅𝒙

𝟓+𝟑𝒄𝒐𝒔𝒙

𝝅

𝟎
   =  [

1

2
(𝑡𝑎𝑛−1 (

𝑡𝑎𝑛(𝑥
2⁄ )

2
))]

0

𝜋

 

                                               =
1

2
𝑡𝑎𝑛−1 (∞ − 

1

2
 0) 

                                               =
1

2
𝑡𝑎𝑛−1∞ 

                                              =
1

2
(

𝜋

2
) =

𝜋

4
 

Type X 

Example: 

             Prove that ∫
𝒅𝒙

𝒂𝟐𝒄𝒐𝒔𝟐𝒙+𝒃𝟐𝒔𝒊𝒏𝟐𝒙
 =  

𝝅

𝒂𝒃

𝝅

𝟎
 

Solution: 

                     Consider∫
𝒅𝒙

𝒂𝟐𝒄𝒐𝒔𝟐𝒙+𝒃𝟐𝒔𝒊𝒏𝟐𝒙
 

                                                  = ∫
𝑑𝑥

𝑐𝑜𝑠2𝑥 [𝑎2+𝑏2𝑡𝑎𝑛2𝑥]
 

                                                 = ∫
𝑠𝑒𝑐2𝑥𝑑𝑥

𝑎2+𝑏2𝑡𝑎𝑛2𝑥
 

                      put  𝑡 = 𝑡𝑎𝑛𝑥  ⇒ 𝑑𝑡 =  𝑠𝑒𝑐2𝑥𝑑𝑥 

                                                 = ∫
𝑑𝑡

𝑎2+𝑏2𝑡2
 

                                                = ∫
𝑑𝑡

𝑏2[𝑡2+(
𝑎

𝑏
)

2
]
 

                                         =
1

𝑎𝑏
(𝑡𝑎𝑛−1 (

𝑏𝑡

𝑎
))    

                                        =
1

𝑎𝑏
(𝑡𝑎𝑛−1 (

𝑏

𝑎
 𝑡𝑎𝑛𝑥)) 

               ∫
𝑑𝑥

𝑎2𝑐𝑜𝑠2𝑥+𝑏2𝑠𝑖𝑛2𝑥
= 2 ∫

𝑑𝑥

𝑎2𝑐𝑜𝑠2𝑥+𝑏2𝑠𝑖𝑛2𝑥

𝜋
2⁄

0

𝜋

0
 

                                              = 2 [
1

𝑎𝑏
(𝑡𝑎𝑛−1 (

𝑏𝑡𝑎𝑛 𝑥

𝑎
))]

0

𝜋
2⁄
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                                             =
2

𝑎𝑏
[

𝜋

2
−  0] =  

𝜋

𝑎𝑏
 

 


